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Abstract: We consider the autonomous piston engine in a coupled cavity scheme in an optomechanical setup. Treating
the radiation field as working fluid, we investigate the transduction of virtual photons due to ground state excitations.
Rabi-like energy splittings and Casimir effect are shown by avoided crossing in the eigenfunction spectrum. Second
order coherence functions are employed to analyze the bunching of the cavity and mechanical mode in optomechanical
implementation of Brownian motors. The imbalance in occupation numbers of the working modes is investigated for the
power for work extraction. We explore the guidance of the radiation field in work extraction. We study the synchronicity
between virtual photon conversion and power in the mechanical mode. Generation and amplification of virtual photon
transduction are modulated by mutual interactions between the qubit, piston, and mechanical mode in the absence of
external driving fields.
Key words: Stochastic thermodynamics, optomechanics, cavity QED

1. Introduction
Stochastic thermodynamics allows the description of the conversion of thermal fluctuations into mechanical work
on small scales, such as in Brownian Carnot engines [1–5] and artificial motors [6]. Moreover, miniaturized heat
engines are implemented in microscale realization of photon–matter interactions [7–11]. In different coupling
regimes of optomechanical systems, transfers of the cavity photons are used to describe energy conversion by
the radiation pressure interactions [12].
Autonomous design of thermal machines gives rise to exploration of the fundamental principles of quantum
thermodynamics. Realizations of autonomous engines can be implemented in the absence of external control
fields [13–16]. In quantum autonomous architectures [17, 18], the piston is represented as a planar rotor coupled
with the harmonic mode treated as working fluid. In analogy with the classical counterparts [19, 20], these
engines are guided by the radiation pressure by modulating the coupling strengths of hot and cold reservoirs
in the rotor engine scheme. Depending on the energy transfer in bipartite systems, states can be treated
as both heat and work resources [21, 22]. Lasing process [23] and Jarzynski equality [24] are used in the
Jaynes–Cummings model as a bipartite system of qubit and radiation field. Work extraction can be described
by the average excitation numbers of individual cavity modes coupled to hot and cold baths. Besides the
thermal reservoirs, additional resources can be used for work extraction from quantum states by membrane
optomechanical systems [25] and Cooper pair tunneling in Josephson junctions [26].
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In the enhancement of optomechanical-like interactions, external fields are used for mechanical amplifications by modulating nonlinear interactions [27]. Dynamical Casimir effect and virtual photon radiation are
investigated to describe the displacement of the mechanical mode [28]. Jaynes–Cummings-like and Rabi-like
interactions are employed in single mode [29, 30] and fully coupled optomechanical systems [31]. Moreover, in
strong coupling regimes, the ground state becomes dressed with virtual photons [32–34]. Then the system is
described by going beyond to rotating wave approximation (RWA) [35–38]. Effective models [39–41] are used
to describe the coupled resonator systems without RWA in input–output formalism [42, 43]. Global and local
approaches are also employed to investigate the thermodynamic analysis of the systems [44–47].
This paper is organized as follows. In Section 2 , we introduce the enhancement of autonomous
optomechanical-like interactions in fully coupled schemes by an effective coupled resonator model. Results
and conclusions are introduced in Sections 3 and 4, respectively.
2. Model
Fully coupled optomechanical systems contain the mutual interactions between qubit, cavity, and mechanical
mode. Coupling between the cavity photons and the qubit describes the cavity frequency shift due to a
displacement of the mechanical resonator. Radiation–pressure coupling is used to modulate the interaction
between the cavity mode and mechanical motion. Similar to the scheme in [31], our model Hamiltonian is
(ℏ = 1)
Hsys

= HOM + HCR ,

(2.1)

where
HOM

=

ω1 a†1 a1 + ω2 a†2 a2 − Ja†1 a1 (a2 + a†2 )

(2.2)

ω
σz + [λ1 (a1 + a†1 ) + λ2 (a2 + a†2 )]σx
2

(2.3)

is the optomechanical Hamiltonian and
HCR

=

is the Hamiltonian containing counter-rotating terms, which describes the Rabi-type interactions with the
qubit. ω is the frequency of the qubit and σx , σz are the Pauli operators. The cavity and mechanical system
are described by the annihilation (creation) operators ai (a†i ), where i = 1, 2 corresponds to the cavity and
mechanical mode. ω1,2 are the frequencies of the radiation field of the cavity and mechanical mode. The
qubit is simultaneously coupled to cavity and mechanical modes with coupling strengths λ1,2 . Interaction
between the cavity field and mechanical oscillator is modulated by the parameter J . Rather than being fully
coupled in tripartite systems, binary interactions of the qubit and optomechanical mode are used in tunable
photon blockades of two-mode optomechanical systems [29]. Besides the Rabi-like interactions, binary cavitymechanical mode interactions are tuned for amplification of virtual radiation pressure [30].
In accordance with the classical counterpart, we describe the piston–mechanical mode interaction by the
coupling between radiation pressure and mechanical mode. Bouncing of the photons off the mechanical part
resembles the behavior of the photon gas contained in the cavity. Besides this classical analogy, in the presence
of the virtual photons, we use radiation pressure to amplify the mechanical motion. In autonomous engine
design [17–20], both qubit and harmonic mode are treated as working fluid and amplified by the nonlinear
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interactions autonomously. Then our model is well suited to investigate the embodiment of a fully coupled
optomechanical scheme in autonomous engine design. For this purpose, we employ the two-frequency effective
coupled resonator model [39–41] and describe our system as
H

= Hef f + Hint ,

(2.4)

where the effective Hamiltonian becomes

Hef f

=

ω
σz + ω ′ α2† α2 + ωef f [α1† α1 + kef f (α1 + α1† )σx ]
2

+

c2 [(α1† α2 + α1 α2† ) + kef f (α2† + α2 )σx ],

(2.5)

and the radiation–pressure interaction is obtained as
Hint

= J[(α1† α2 + α2† α1 ) + (α1 + α2 )† (α22 − α12 )
+ (α1 + α2 )(α22 − α12 )† ].

(2.6)

The effective mode frequency is described as
ωef f

ω1 k12 + ω2 k22
.
2
kef
f

=

(2.7)

The qubit–resonator coupling strength becomes proportional to
2
kef
f

= k12 + k22

(2.8)

in terms of the dimensionless coupling coefficients k1,2 . The frequency of the disadvantaged mode in the effective
model is obtained as
ω′

=

ω1 k22 + ω2 k12
,
2
kef
f

(2.9)

∆k1 k2
,
2
kef
f

(2.10)

and the coupling strength,
c2

=

describes interactions between the disadvantaged and the privileged mode controlled by the the frequency
difference ∆ = ω1 − ω2 . For simulation in the effective model [41–43], we use the parameters of k1 = k1 = k ,
√
resulting in kef f = 2k. In terms of the bare resonances ω1,2 , the coupling strengths are taken as λ1 =
(ω1 + ω1 )k/2 and λ2 = ∆k/2 . The hopping parameter is written as J = c2 = ∆/2 .
Our effective model is plausible for investigating the mechanical properties of the coupled system via both
cavity and circuit QED framework. One of the advantages of our model is that we can still obtain the single
mode qubit–cavity interactions by tuning λ2 = ∆k/2 = 0 and c2 = 0 , corresponding to ω1 = ω2 . Then our
model mimics the optomechanical-like single mode qubit–cavity or qubit–mechanical mode interactions [29, 30].
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Besides this flexibility, Casimir force and Rabi splitting can be investigated by the Rabi-like interactions in
the fully coupled scheme of our effective model. Interaction between radiation pressure and mechanical mode,
described by hopping parameter J , gives rise to the modulation of the virtual photon transduction by the
displacement of the mechanical probe. In view of autonomous engine architectures, our effective model treats
the cavity and mechanical mode as high and low frequency mode, respectively. Then energy transfer is described
by the occupation number of cavity and mechanical modes in the quantum piston engines. Imbalances in
occupation numbers of the working modes result in the power for work extraction.
3. Results
In optomechanical systems, radiation pressure force allows the energy exchange between cavity and mechanical
displacements. Then the generation of photons from the quantum vacuum is amplified with controllable coupling
strengths of radiation pressure [30]. We investigated the Rabi-like energy splittings and Casimir effect [28] in
the eigenvalue spectrum to see the virtual photon generation controlled by frequency differences between cavity
and mechanical mode. By using J = c2 = ∆/2 , we can modulate the pattern of the avoided crossings in the
absence of external driving fields. Then our model can be treated as an autonomous system in which both
Rabi-like and nonlinear interactions can be used for field amplification.
The eigenvalue spectrum of our system is analyzed in the five lowest levels for weak and strong coupling
regimes. In Figure 1 , we investigate the effect of hopping parameter J . The ladder of avoiding crossings
represents how the Casimir effect and Rabi splitting depend on frequency difference ∆ . Figure 1a shows the
avoided crossing for each level with increasing number of anticrossings as a function of frequency difference ∆
in weak coupling regime, k = 0.1 and J = 0.1 . The effect of radiation–pressure interaction is seen by the shift
of the pattern in Figure 1b. As we increase the coupling strengths of the cavity field and mechanical mode,
from k = 0.1 and J = 0.1 to k = 0.1 and J = 1.0 , the number of anticrossings is also increasing and avoided
crossing occurs in smaller ∆ values. In Figure 1c, the level splitting increases as an indication of Casimir effect
when we go to the strong coupling regime, k = 1.0 and J = 1.0.

(a)

(b)

(c)

Figure 1. Ladder of avoiding level crossings in the eigenvalue spectrum of our system. Visible anticrossings imply the
generation of photons from the vacuum. (a) Avoiding crossing in the presence of nonlinear interaction with k = 0.1 and
J = 0.1 . (b) Effect of increasing the coupling strength in the number of anticrossings with k = 0.1 and J = 1.0 . (c)
Level splitting due to the dynamical Casimir effect in strong coupling regime k = 1.0 and J = 1.0 .

In input–output formalism of dissipative cavity optomechanics, quantum piston engines are studied in
classical and quantum regimes when the working fluids are in harmonic mode [19] and qubit [20]. In our
model, treating the harmonic mode as working fluid, piston–qubit interaction terms ωef f kef f (α1 + α1† )σx and
c2 kef f (α2 + α2† )σx result in the virtual photon generation. Moreover, piston–mechanical mode interaction
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J(α1† α2 + α2† α1 ) makes it possible to transfer the radiation field between cavity and mechanical mode. In this
way, both virtual photon generation [32–34] and energy transfer by radiation pressure [19, 20] become integrated
in our model.
Thus, the dissipative environmental effects are analyzed by the master equation in the QED framework.
The local approach [44–47] is used in our scheme since we use thermal white noise resulting in low thermal
occupancy with respect to frequencies of the cavity and optomechanical modes. We use the Bloch–Redfield
quantum master equation in Born–Markov approximation [41–43] for Eq. (2.4). Then the governing equation
for the open dissipative system is written as
dρ
= −i[H, ρ] + Lρ,
dt

(3.1)

where the Liouvillian superoperator L is described by
Lρ =

∑

(1 + nth )κD[α̂j ]ρ + nth κD[α̂j† ]ρ

j=1,2

+ γD[σ]ρ +

γϕ
D[σz ]ρ,
2

(3.2)

where nth represents the average thermal photon number. In our simulations of dissipation effects, taking the
value nth = 0.15 corresponds to 100 mK [41]. D represents the Lindblad-type damping superoperators and
κ denotes loss rate. Relaxation and dephasing rates of the qubit are γ and γϕ . We take resonator decay
parameters κ1 = κ2 = 0.001 and qubit relaxation and dephasing parameters γ = 0.001, γϕ = 0.01 with the
thermal occupation number nth = 0.15 . For robustness in computation, each resonator mode has Fock space
dimension 2 .
Following the idea of production of thermodynamic work of a ratchet machine by extracting from random
Brownian noise [6], our effective model is treated as a Brownian motor [17]. In piston engines, to investigate
the lasing regime of mechanical mode and absorption of the photons, we employ the second order coherence
functions given by
(2)

gi

=

Oi† (t)Oi† (t + τ )Oi (t)Oi (t + τ )
(Oi† (t)Oi (t))2

,

(3.3)

where i = c, d are used in place of cavity, α1 , and mechanical probe mode, α2 .
For the purposes of the conversion between radiation and mechanical mode, we use the displacement
operators Xi+ = 12 (ai +a†i ), where i = 1, 2 represents the resonators in the coupled scheme of the optomechanical
system. Then, in terms of the normal modes α1,2 of our effective model [42, 43], we use the quadrature operators
X1+ = (α1 +α1† ) and X2+ = (α2 +α2† ) to investigate the transduction of the radiation pressure into the mechanical
motion in the presence of virtual photons and multilevel excitations [28, 30].
In autonomous engines, work extraction is studied by the power P related to output work in terms
of the expectation values of number operators [17, 26]. For this purpose, we use the population imbalances
+
zq (τ ) = ⟨X1+ ⟩ − ⟨X2+ ⟩ and zn (τ ) = ⟨α1 ⟩ − ⟨α2 ⟩ in terms of the expectation values of quadrature operators X1,2

and normal modes α1,2 . Then the power related to the work output will be proportional to the population
imbalances P ∝ zn . We can also describe energy transfer as the energy change proportional to a change in
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mode occupation of radiation mode, which is treated as working fluid. We use the population imbalance of the
cavity quadrature operator zq to analyze the generation of virtual photons and conversion to the mechanical
motion. Then coupling strength k and hopping parameter J are used to analyze the work extraction in the
presence of virtual photon generation and conversion.
In Figure 2, starting with a single photon residing in resonator mode α1 , we investigate the population
(2)

imbalances and second order coherence functions gc,d of the cavity and mechanical mode in weak k = 0.5 and
(2)

(2)

strong k = 1.0 coupling regimes. In Figures 2a–2d, gd (gc ) starts from the bunching (antibunching) states
(2)

of mechanical mode (cavity mode). In the long term, convergence to coherence gc,d = 1 indicates the coherent
mechanical motion and cavity field. Since a single photon resides in radiation mode α1 initially, incoherent
effects are seen in the beginning of the evolution. In this short duration, both population imbalances reach their
maximum amplitude. Then both zq and zn show peaks and dips as both coherence functions reach bunching,
(2)

gc,d = 1 . Figure 2a shows that there is less contribution to the virtual photon generation for a slightly short
time. Population imbalance of normal modes, zn (τ ) = ⟨α1 ⟩ − ⟨α2 ⟩, gets centered a slight bit above (below)
zero in the weak coupling regime, k = 0.5, J = 1.0 . When we change the hopping parameter from k = 0.5 ,
J = 1.0 to k = 0.5, J = 1.0 in Figure 2b, the amplitude of zq gets larger, favoring the mechanical mode in the

(a)

(b)

(c)

(d)

Figure 2. Conversion of photon energy into the coherent mechanical motion. Synchronicity in population differences of
quadrature operators and normal modes implies the guidance of the work extraction by radiation pressure. Convergence
(2)
of coherence functions gc,d = 1 shows the lasing of the mechanical mode and coherence of the cavity field in weak and
strong coupling regimes. (a) Expectation values of population imbalances in weak coupling regime. Conversion of virtual
photons in favor of mechanical mode. (b) Effect of decreasing nonlinear coupling strength parameter J on population
imbalances. There is no net favor of virtual photon conversion on population imbalances. (c) Synchronicity is seen by
the coincidence of the peak and dip values of population imbalances. Virtual photon conversion is in favor of mechanical
mode with higher amplitude in strong coupling regime. (d) Decreasing hopping parameter J results in less coincidence
of the peak and dip values of population imbalances.

56

GÜL/Turk J Phys

beginning of the evolution. In the strong coupling regime, k = 0.5 and J = 1.0 , as both coherence functions
(2)

gc,d are in the bunching regime, Figure 2c shows that synchronicity occurs in peak and dip values of population
imbalances zq and zn . Moreover, there is virtual photon generation and conversion into the mechanical mode
with higher amplitudes than in the weak regime. In Figure 2d, while there is more contribution to the virtual
photon contribution, the amplitude of the population imbalance of normal modes becomes shorter as we change
the hopping parameter from k = 1.0 and J = 1.0 to k = 1.0 and J = 0.5. Besides, there are fewer coincident
peak and dip values of population imbalances.
Our model differs from other autonomous engine designs [17–20, 26] by using the Rabi-like interaction
in a fully coupled scheme without RWA. Ground state excitations result in virtual photon generation. In our
model, interactions between qubit, cavity, and mechanical mode are employed to generate and amplify the
transduction of virtual photons. Amplification by radiation fields leads to the guidance of synchronicity of the
virtual photon generation and work extraction. The synchronicity between population imbalances of occupation
numbers can be used to harmonize external loads with rotary motion [18–20]. This makes our model plausible
in both theoretical and experimental analysis of work in autonomous engine schemes.
4. Conclusion
We investigate autonomous optomechanical systems for fully coupled schemes in the QED framework. Employing the effective model beyond the RWA, we analyze both Rabi-like and piston–mechanical mode interactions
in tuning the virtual radiation pressure. Casimir effect and Rabi splitting are analyzed by the avoided crossing
in the eigenenergy spectrum. Second order coherence functions are used to see the effect of virtual photon
conversion in the cavity and mechanical mode. Work extraction is studied by describing power in terms of
the expectation values of the mechanical mode. Then transduction of the radiation field into the mechanical
mode is tuned by nonlinear interactions between the piston and mechanical mode in the absence of an external
driving field.
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